In the present paper, we investigate some geometrical properties of the Camass-Holm equation (CHE). We establish the geometrical equivalence between the CHE and the M-CIV equation using a link with the motion of curves. We also show that these two equations are gauge equivalent each to other.
Introduction
In this paper, we will study the geometry of the Camassa-Holm equation (CHE) and its integrable spin equivalent counterpart -the so-called M-CIV equation. The CHE is given by u t − u xxt + 3uu x − 2uu xx − uu xxx − αu x = 0,
where u(x, t) is a real function, α ∈ R. This equation was firstly obtained in [1] and later rediscovered by Camassa and Holm in [2] as a model for shallow water waves. There are many researchers investigated the CHE by different analytical methods of solving the governing equation. In particular, it was shown to be an integrable equation admitting a bi-Hamiltonian formulation and a Lax pair [3] . Due to its many remarkable properties, the CHE has attracted a lot of attention in the recent past. In literature were also constructed some generalizations or correlated equations of the CHE. One of the generalisations is the following Dullin-Gottwald-Holm equation
Note that the CHE can be rewrittten as
where u, q are some real functions. Another interesting subclass of integrable systems is the so-called spin systems (equations). First example of integrable spin systems is the Heisenberg ferromagnet equation (HFE) of the form
where
Another example of integrable spin systems is the M-CIV equation. The M-CIV equation is given by
In this paper, one of our goals is to study the relation between the CHE and the M-CIV equation and their connections with differential geometry of curves.
The outline of the present paper is organized as follows. In Section 2, we present the M-CIV equation. Sections 3 and 4, the relations between the motion of space and plane curves, the CHE and the M-CIV equation is established. Then using this relation we found that the Lakshmanan (geometrical) equivalent counterpart of the M-CIV equation is the CHE. The gauge equivalence between the M-CIV equation and the CHE is mentioned in Section 5. In Section 6, we present the known peakon solutions of the CHE. The dispersionless CHE is discussed in Section 7. The paper is concluded by comments and remarks in Section 8.
M-CIV equation
Consider the M-CIV equation
where β = const and
Its LR reads as
Motion of space curves intuced by the M-CIV equation
Note that to the CHE corresponds the motion of plane curves. But in this section, we study the "formally" more general case, namely, the motion of space curves induced by the M-CIV equation.
Variant-I
Consider a smooth space curve in R 3 given by
where x is the arc length of the curve at each time t. The corresponding unit tangent vector e 1 , principal normal vector e 2 and binormal vector e 3 are given by
respectivily. The Frenet-Serret equation reads as
where τ , κ 1 and κ 2 are torsion, geodesic curvature and normal curvature of the curve, respectively. Integrable deformation of the curves are given by
Here
are basis elements of so(3) algebra. The compatibility condition of these equations is written as
or in elements
Our next step is the following identification
We now make the following "formal" assumption
where q = −0.5(κ 2 − iτ ) and r = 0.5(κ 2 + iτ ) are some functions, λ = const. Then we have
Eqs. (25)- (27) give us the following equations for q, u:
which is the CHE. As it is well-known that the CHE is integrable. Its LR has the form
So, we have proved the Lakshmanan (geometrical) equivalence between the M-CIV equation (10) and the CHE (33)-(34).
Variant-II
In this section, let us we assume that κ 2 = 0. Then matrices C and D take the form
At the same time, the equations (25)- (27) read as
We now again take the identification (28) . The M-CIV equation can rewrite as
In the vector form it takes the form
As result, we have the following equations
so that we get
In this case we have
Substituting all these formulas into the equation (47) gives us the CHE (33)-(34)
4 Motion of plane curves intuced by the M-CIV equation
As we mentioned above, to the CHE corresponds an integrable motion of plane curves. For this reason, in this section, let us we assume that κ 2 = τ = ω 1 = ω 2 = 0 that is we consider the plane curves. Then matrices C and D take the form
In this case, Eqs. (25)- (27) take the form
We now again take the identification (28). Then we have
We now assume that
Then the equation (52) gives
that is again the CHE.
Gauge equivalence
In the previous section, we have established the geometrical equivalence between the M-CIV equation and the CHE. Here we note that these equations is gauge equivalent each to other [47] .
Peakon solutions
It is well-known that the CHE has the so-called peaked soliton solutions or peakons for short. The N-peakon solution of the CHE has the form
where x j (t) and m j (t) are the positions and the amplitudes. These functions of the well-known peakon solutions satisfy the following set of equationṡ
where H is the Hamiltonian of the form
Similarly, we can construct the peakon solutions of the M-CIV equation which leave for the our next papers.
Dispersionless CHE
One of interesting subclass of integrable systems is the so-called dispersionless equations. It is well-known that the CHE has the dispersionless counterpart. Consider the CHE in the form
This equation we can rewrite as
Hence we obtain the following equation
This is the dispersionless CHE [48] .
Conclusions
In this paper, we have established the relation between the M-CIV equation (10) and the CHE (33)- (34) . We have shown that the M-CIV equation (10) and the CHE (33)- (34) is the geometrically equivalent each to other. Also the gauge equivalence between these equations is shown. Our results are significant for the deep understand of integrable spin systems and their relations with differential geometry of curves and surfaces (see e.g. [6] - [47] ) in the peakon sector of integrable systems.
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